Van der Waals heterostructures (vdWH) provide an ideal playground for exploring lightmatter interactions at the atomic scale. In particular, structures with a type-II band alignment can yield detailed insight into free carrier-to-photon conversion processes, which are central to e.g. solar cells and light emitting diodes. An important first step in describing such processes is to obtain the energies of the interlayer exciton states existing at the interface.
tially) indirect excitons or interlayer excitons. Because of the spatial charge separation, interlayer excitons posses longer electron-hole recombination lifetimes [25, 26] than intralayer excitons, which make them ideal candidates for realization of bosonic many-particle states like Bose-Einstein condensates [27] . Moreover, interlayer excitons are believed to play a central role in the charge separation process following photoabsorption in solar cells or photodetectors [28, 29] . Of key importance to this process is the exciton binding energy which quantifies the strength with which the electron and hole are bound together. Due to the larger electron-hole separation, interlayer excitons are expected to have lower binding energies than intralayer excitons. However, a detailed understanding of interlayer excitons in vdWHs is still lacking mainly because of the highly non-local nature of the dielectric function of 2D materials which makes screening less effective at larger distances. This is in fact the origin of the non-hydrogenic Rydberg series in 2D semiconductors and the nondegeneracy of 2D excitons with different angular momentum quantum numbers [20, [30] [31] [32] . The understanding of excitonic effects alone, however, is not sufficient for device engineering, where the knowledge of the alignment of the electronic bands of the vdWH is also crucial. Several experimental investigations have shown, for example, that an underlying type-II band alignment is required for the formation of interlayer excitons [33] [34] [35] . However, experimental data has not been supported by consistent theoretical studies yet. It is well known that density functional theory (DFT) calculations are problematic when it comes to prediction of band gaps and band alignment at interfaces and do not take excitonic effects into account. An important deficit of the DFT approach, in addition to its general tendency to underestimate band gaps, is its failure to describe image charge renormalization effects that shift the energy levels of a 2D semiconductor [36] or molecule [37, 38] when adsorbed on a polarizable substrates. Ideally, one should employ many-body perturbation theory like the GW approximation to obtain reliable band energies and the Bethe Salpeter Equation (BSE) for exciton binding energies. However, the computational cost of such methods make them unfeasible for vdWHs containing more than a few lattice matched 2D crystals.
Here, we show how to overcome these limitations, by means of our recently developed quantum electrostatic heterostructure (QEH) approach [39] and accurately calculate interlayer exciton binding energies and electronic bands of vdWHs. For the excitons, the QEH allows us to calculate the the screened electron-hole interaction to be used in a generalized 2D Mott-Wannier model [24] . For the band energies we use the QEH to modify isolated layer G 0 W 0 calculations by including the effect of interlayer screening on the electronic levels. Remarkably we are able to predict band positioning in a vdWH at the cost of, at most, N -G 0 W 0 monolayer calculations, with N the number of layers in the stack.
In this letter we apply our method to the case of MoS 2 -WSe 2 bilayers intercalated with a varying number of h-BN layers. The MoS2/hBN/WSe2 represents a prototypical type-II heterostructure.
Its well defined atomic structure and the possibility of varying the thickness of the hBN spacer and the relative orientation of the photoactive layers, makes it an ideal platform for studying light-matter processes on atomic length scales. At the same time, the incommensurate nature of the van der Waals interfaces presents a great challenge for ab-initio calculations. Nevetheless, we show that our QEH-based methodology allows us to efficiently simulate the electronic structure of MoS 2 /hBN/WSe 2 , including excitonic and self-energy effects, and accurately reproduce experimental photoluminescence spectra.
The main requirement for the existence of interlayer exciton is that the bottom of the conduc- fig. 1 . By rotating the layers with respect to each other, not only can the dimension of the supercell be reduced, but we can also mimic more closely the experimental situation where the alignment angle between the layers is not controlled. Following the procedure described by Komsa et al [40] , we set up the MoS 2 -WSe 2 bilayer for two different alignment angles, specifically ∼ 16.1 • and ∼ 34.4 • , so that each layer is strained by less than 1%. To be able to compare the band structure of the bilayer with the ones of the constituent isolated monolayers, we unfold the electronic bands of the supercell to the ones of the primitive MoS 2 and WSe 2 cells. This is done by following the method described in Ref. 41 . We stress that, because of the lattice mismatch and a non-zero alignment angle, the first Brillouin zones (BZ) of the two materials are different in size and rotated with respect to each other as shown in panel (c) and (e) of fig. 1 . This implies that the unfolding of the bands has to be performed accordingly.
The unfolded band structures, aligned with respect to vacuum level, for the two different bilayers are shown as circles in fig. 1 (d) and (f) and compared to the isolated monolayers bands in continuous lines. The band structures have been calculated using the local density approximation (LDA) as described in the Methods section and for simplicity the effect of spin-orbit coupling is not included here. We can clearly confirm that MoS 2 and WSe 2 form a type II heterostructure, where the top of the valence band is localized on the WSe 2 layer, while the bottom of the conduction band belongs to MoS 2 . This implies that MoS 2 /WSe 2 can host interlayer excitons as sketched in fig. 5 (a) . Furthermore, no significant difference in the band structure emerges for the two different alignment angles and thus we can conclude that the band structure of the bilayer is independent of the alignment angle. When comparing to the bands of the isolated monolayer, we can distinguish two main effects, as thoroughly shown in the Supporting Information: the effect of interlayer hybridization, only around the Γ point, and a layer-dependent shift in energy throughout the Brillouin zone. For the latter, we observe the MoS 2 bands to be shifted up in energy while fig. 2 , where we directly show the band edges for the isolated MoS 2 and WSe 2 layers. One could possibly argue that the inaccuracy is due to the LDA exchange correlation functional rather than the DFT approach itself. For this reason we also calculated band edges using the HSE06 hybrid functional, which is known to perform well for band structures. However, as shown in panel (b), HSE is better than LDA but still not as accurate as G 0 W 0 . We thus conclude that the G 0 W 0 approximation is essential to obtain a quantitatively correct description of the band gaps and band alignment. Importantly, we notice that while DFT predicts a rather large difference in band gap centers of around 1 eV, G 0 W 0 gives a much smaller difference of around 0.3 eV. This, together with the increased band gaps predicted by G 0 W 0 , strongly indicates that the charge transfer and associated dipole shift of the bands, could be significantly overestimated by DFT-LDA. We thus conclude that the band structure of the heterobilayer around the K-point can be obtained by combining the G 0 W 0 band structures of the isolated layers aligned with respect to a common vacuum level and corrected for image charge screening effects (see later).
The state of the art for describing excitonic effects from first principles is the many-body Bethe- Salpeter Equation (BSE) [44] [45] [46] . The solution of the BSE is, however, computationally demanding already at the monolayer level and practically impossible for incommensurate van der Waals heterostructures. However, it is well-known that, under well defined assumptions the excitonic manybody problem can be rephrased in terms of an effective hydrogenic Hamiltonian, the Mott-Wannier
Hamiltonian [47] , which gives a satisfactory description of several excitonic properties [24, [48] [49] [50] . In the case of excitons in vdWHs, the motion of the electron and the hole is restricted to the in-plane direction. This is a direct consequence of the anisotropy of layered structures, which entails that the effective masses at the K-point in out-of-plane direction are much higher than the in-plane direction. With this consideration the hydrogenic Hamiltonian reduces to a 2D problem:
where µ ex is the exciton effective mass and W (r ) is the electron-hole interaction energy. The exciton effective mass is evaluated as µ −1
h , where the hole and electron masses are calculated ab-initio and reported in table I.
In the case of interlayer excitons eq. (1) is still valid. Indeed even if the electron and the hole are separated in the out-of-plane direction, their motion is still confined in their respective layers.
On the other hand, this spatial separation affects the screened electron-hole interaction energy, as shown below. In the specific case of MoS 2 /WSe 2 heterostructures, the electron and hole effective masses have to be estimated from the WSe 2 and MoS 2 valence and conduction bands respectively.
We found an interlayer exciton effective mass of 0.244 a.u.
The Coulomb interaction between the electron and the hole in an exciton is highly sensitive to the dielectric properties of the material [51] . As we showed in our recent work [24] , the dielectric screening of finite thickness vdWHs is strongly non local. Using our recently developed quantumelectrostatic heterostructure (QEH) model, we can determine the dielectric properties of these complex structures from first principles [39] . Briefly, we first condense the dielectric response of each single layer into a "dielectric building block" consisting of the monopole and dipole components of the density response function of the isolated layer [52] . Second, the dielectric building blocks are coupled together electrostatically by solving a Dyson-like equation in the discrete monopole/dipole basis in order to obtain the density response function for the whole structure. The underlying assumption of the QEH is that hybridization is weak enough that is does not affect the dielectric properties of the heterostructure. We have found that this approximation is surprisingly good.
A collection of more than 50 dielectric building blocks together with the software for the electrostatic coupling can be found in Ref. 53 From the response function, the dielectric function of the heterostructure is determined and it can be used to obtain the screened electron-hole interaction energy:
where ρ e (φ h ) is the electron density (hole induced potential) vector expressed in a basis set of monopole/dipole densities (potentials). The basis set of induced densities and potentials is also 
It is useful to define an effective dielectric function for the electron-hole interaction as the unscreened Coulomb interaction over the screened one:
A typical signature of excitons in two-dimensional materials is the non-hydrogenic Rydberg series [30] . fig. 4 . Clearly the behavior of the interlayer exciton is quite similar in the two cases, meaning that the main effect of inserting hBN layers is to increase the electron-hole separation. In contrast, the binding energy of the intralayer excitons increases in the case of increasing vacuum while it remains constant when more hBN layers are inserted. This is because moving MoS 2 and WSe 2 apart decreases the screening whereas inserting more hBN layers increases it, leading to an overall compensation.
When stacking 2D layers together, the exciton binding energy is not the only quantity that is affected. Indeed, also the band gap of each of the layers in the stack is reduced due to the increased dielectric screening. The state of the art method for properly including the effect of dielectric screening in band structures is the G 0 W 0 method [36, [54] [55] [56] . In this many-body theory based approach, the information of electronic screening is contained in the dynamical screened
ComputingW GG (q, ω) is a demanding task even for simple materials and it is practically impossible for multi-layer vdWHs. Fortunately, as described elsewhere [57] , the effect of screening on the band structure of a given layer in a van der Waals stack, can be accounted for by combining the QEH model with a standard G 0 W 0 method at the computational cost of a monolayer calculation.
The main idea is to correctW GG (q, ω) for a given layer in the following manner:
where ∆W (q, ω) is the correction to the head of the matrixW GG that includes the extra screening coming from the neighboring layers. For a given layer, such a correction is efficiently calculated within the QEH model. Indeed, by using an expression equivalent to eq. (2), the electron-electron interaction is calculated for the isolated layer and the layer in the vdWH, then ∆W (q, ω) is obtained as the difference between the two interactions. Once corrected, the screened potential can be used directly in a standard monolayer G 0 W 0 calculation. With this approach, which we refer to as The photoluminescence signal is generated by radiative electron-hole pairs recombination. Considering that typical radiative recombination times in TMDCs are much longer than electron and hole thermalization times, we expect the exciton recombination to happen from the K-point of the conduction band in MoS 2 and the K-point of the valence band in WSe 2 . We note that, the lattice mismatch and a non-zero alignment angle between the two layers implies a mismatch of the first BZ of the two materials, as shown in fig. 1 . This means that for a radiative transition to happen the momentum mismatch has to be compensated by some other physical mechanism. Mechanisms of this kind could include phonon assisted transition, electron-electron interaction, defect scattering or breaking of momentum conservation induced by the exterior potential field generated by the neighboring layers [58] . Here we focus on the energetics of the process, which should not be effected by the particular recombination mechanism. Taking into account the type-II band alignment, the position of the pholuminescence peak of the lowest bound exciton is given by:
where E IG is the interlayer electronic gap and no. hBN In conclusion, we presented a general approach to calculate band alignment and interlayer excitons in incommensurate van der Waals heterostructures. For the MoS 2 /WSe 2 heterostructure, we found that interlayer hybridization is important only around the Γ-point of the BZ and therefore does not influence the opto-electronic properties that are governed by states around the K-point.
This implies that an accurate description of the band edge positions can be obtained from the isolated monolayer band structures aligned relative to a common vacuum level and renormalized by the polarization effect from neighboring layers. In particular, we determined the effect of interlayer polarization to account for ∼ 8% reduction in the intelayer gap. On the other hand, the effect on band alignment of the formation of an interface dipole is expected to be negligible for the studied system. We find interlayer excitons to have significant binding energies of up to 0.3 eV and showing monotonic decrease with the layer separation. Comparison with experimental photoluminescence spectra revealed a constant redshift of the calculated lowest optical transition of around 0.13 eV, which we ascribe to a slight overestimation of the WSe 2 valence band edge by G 0 W 0 . This indicates that for describing photoluminescence it is crucial to obtain accurate band edges at the isolated layers level. Finally, our calculations show that it is possible to obtain quantitatively accurate bandand exciton energies for rather complex vdWHs when employing proper methods, and highlight the deficiencies of standard density functional theory for band alignment problems.
I. METHODS
All the ab-initio calculation in this work are performed with GPAW [59, 60] . The band structures of the twisted bilayers were calculated at the DFT level with an LDA exchange correlation functional and double-zeta polarized atomic orbitals as a basis set. The HSE06 and LDA calculations for the monolayers were performed using a plane wave basis set with a cut off energy of 500 eV and 18 × 18 k-point grids.
We find it useful to elaborate on the color scheme choice for the twisted bilayer band structure in fig. 1 . Such choice should be understood by considering that the two layers have different primitive cells and that the unfolding procedure has to be performed separately. Indeed, the unfolding for a given layer, say MoS 2 , not only will project the eigenstates belonging onto MoS 2 to their primitive cell but also the WSe 2 ones. As the latter should rather be projected onto the WSe 2 primitive cell, we "hide" them by choosing a color scheme that goes from blue to white and decreases the size of the markers when going from states localized completely in MoS 2 to states localized completely in WSe 2 . The same argument applies to the unfolding to the WSe 2 cell, but a red color scheme is applied instead.
For lattice matched heterostructures modeled in a minimal unit cell, it was checked that the atomic orbital basis yields the same band structure as well converged plane wave calculations. 
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III. SUPPORTING INFORMATION A. Effect of Hybridization and Charge-Transfer
In the main text we argued that the use of supercells is essential for a good description of the band structure of mismatched bilayers and the main differences between the bands of the isolated layers and the bilayers are consequence of charge transfer and hybrization separately. In this section of the supporting information we prove these arguments for the case of MoS 2 /WSe 2 based structures.
We start out by demonstrating that using a supercell is unavoidable if an accurate band structure of the MoS 2 /WSe 2 is needed. This is shown in fig. 7 , where we plot the band structure of the strained bilayer and isolated monolayers in panel (a) and the corresponding unstrained structures in panel (b). In both panels, the bands belonging to the isolated layers are drawn with continuous lines while the ones for the bilayers are drawn with circles. The unstrained bilayer is constructed using a supercell and an alignment angle of ∼ 16.1 as described in the main text, whereas for the strained bilayer we use a unit cell with the lattice parameter equal to the average of the lattice parameter of the isolated monolayers. From the figure it is evident that straining the layers has a considerable effect both on the curvature of the bands and on their positioning with respect to vacuum. We thus conclude that accurate band structures cannot be obtained without employing supercells. However, it is still possible to extract information about charge transfer and hybridization from the strained calculations. Indeed, we can see from fig. 7 that the relative difference between isolated layers and bilayer, in both panels, are practically the same.
Based on this consideration we proceed the analysis of charge transfer and hybridization using the strained calculations, which are computationally more feasible. As explained in the main text, we observe a constant shift in energy, upwards for MoS 2 and downwards for WSe 2 , and a wavevector dependent variation around Γ when comparing the isolated layers to the bilayer. generated by the charge rearrangement at the interface is the same as the DFT one. Only selfconsistency, indeed, could relieve this problem. To prove that charge transfer is still there and that it is an effect inherited from the starting LDA calculation, we evaluate the layer dependent energy shift at the K-point by comparing isolated layers and bilayers bands at the LDA level and then add these shifts to the G 0 ∆W 0 bands. The results are shown in the central panel of fig. 9 . The agreement is nearly perfect and it supports our argument on the importance of charge transfer.
As a side note, we mention that the effect of charge transfer using plane-wave mode, as opposed to LCAO, is a bit lower, namely we get an increase in interlayer gap of 0.11 eV compared to the 0.21 eV reported in the main text.
As a further proof of the validity of the G 0 ∆W 0 method we repeat the G 0 W 0 for the bilayer adding 3Å to interlayer distance between MoS 2 and WSe 2 . This guarantees that charge transfer and hybridization effects are negligible. Screening effects, on the other hand, are still appreciable being the Coulomb coupling between the layers long range. The bands for such a system are shown
